Abstract. The "bounded closure of the range" of an operator between two normed spaces is a linear subspace lying between the range and its closure. The induced concept of "almost onto" is a sort of first draft of the concept of "almost open".
Since T (X) may or may not be closed we must also consider its closure:
cl T (X) = {lim We shall describe T as having bounded closure, or being relatively almost onto, if there is equality cl ∼ (T, X) = cl T (X), (1.2) and as being boundedly closed, or almost closed, if there is equality
Evidently the bounded closure is a linear subspace, with
Like the range and its closure, the bounded closure is unchanged when the operator is made to be one-one:
Proof. Inclusion one way is obvious: if T x n → y with sup n ||x n || < ∞ then certainly T x n → y with sup n dist(x n , T −1 (0)) < ∞; (2.2) conversely if (2.2) holds we may find (x n ) with
but now y = lim n T x n with x ∈ ∞ (X).
We shall describe T ∈ BL(X, Y ) as almost onto if there is equality
and hence also
T relatively almost open =⇒ T has bounded closure. (3.4) finishing the proof of (3.1). If T ∈ BL(X, Y ) is almost open then there is k > 0 for which y ∈ Y =⇒ y ∈ cl{T x : ||x|| ≤ k||y||}, (3.5) giving the condition (1.1) . This proves (3.2); for (3.3) we apply (3.2) with Y replaced by cl T (X), noting that if T ∨ : X → T (X) is almost open then so is the related operator T ∨∨ : X → cl T (X). To make this last observation note that if Z ⊆ Y is a linear subspace and y ∈ cl Z then ( [5] ; [6] Theorem 1.5.1) there is (z n ) in Z for which z n → y with ||z n || ≤ ||y||. 
so that ||x n || ≥ √ n− 1 and x = (x n ) ∈ ∞ (c 0 ). More generally, the first implication in (3.1) cannot be reversed, even when the space X is complete: 4. Example. If e = (e n ) ∈ c 0 and T : X → Y is given by setting
and cl(T X) = {y ∈ c 0 : ∀n ∈ N, e n = 0 =⇒ y n = 0}. Proof. Equality (4.2) is clear, and trivial. For inclusion one way in (4.3) suppose y n = e n u n with u = (u n ) ∈ ∞ and define x = (x m ) = (x mn ) by setting
in both cases
Conversely if x = (x m ) = (x mn ) exists for which sup n |y n − e n x mn | ≤ 1 m with sup m,n |x mn | = k < ∞ (4.9) then |y n | ≤ k|e n | + 1 m for all m, n and hence |y n | ≤ k|e n | for all n, giving y n = e n u n for all n with ||u|| ∞ ≤ k. (4.10) Inclusion one way in (4.4) follows from the continuity of the functionals x → x n on c 0 ; conversely if e n = 0 =⇒ y n = 0 then y − P m y → 0 with P m y = (y 1 , y 2 , . . . , y m , 0, . . . ) ∈ T (X).
As soon as we have found an operator for which T (X) = cl ∼ (T, X) we have an operator which is almost onto but not onto:
is induced by the weight operator W : (x n ) → ( 1 n x n ) on c 0 then T is almost onto but not onto. Proof. By construction T = W ∼ is almost onto; it fails to be onto because the sequence ( The bounded closure of the range can be obtained from the range of the "enlargement":
with q : X → Q(X) the natural embedding and Q(T ) the operator induced naturally by T ; then, abusing notation,
this contrasts with the result of Harte and Shannon [8] that, if the spaces are complete, (7.5) in the special case M = T X Albrecht and Mehta [1] 
The Albrecht/Mehta argument ([6] Theorem 5.7.1) solves Problem (4.1.3) of [5] , possibly more directly than the argument of Harte and Mathieu [7] :
Proof. We claim, in the notation of (7.2) , that
and then y = (y n ) in Y for which ||y n || = 1 and |g n (y n )| ≥ 1 2 : (8. 4) we claim that there is implication
Indeed if x = (x n ) is bounded then 9. Theorem. If T is upper semi-Fredholm in the sense that
where m 1 (X) is the space of sequences x ∈ ∞ (X) of which every subsequence has a convergent subsequence, then
Proof. To verify the second equality in (9.2) we may by Theorem 2 replace T by its one-one part T ∧ : X/T −1 (0) → Y , and hence assume that T is one-one: we need to check that if (9.1) holds for T then it also holds for T ∧ . We claim that if ||y − T x n || → 0 then the condition (9.1) forces (x n ) to be bounded: for if x = (x n ) were a subsequence of x = (x n ) for which ||x n || → ∞ then ||T ( x n ||x n || )|| = ||T x n || ||x n || → 0 (9. 3) and hence by (9.1) there would be a subsequence x = (x n ) of x and an element z ∞ ∈ X for which || x n ||x n || − z ∞ || → 0. (9.4) But now ||T z ∞ || = 0 while ||z ∞ || = 1, a contradiction.
To verify the first equality in (9.2) suppose y = lim n T x n with bounded x = (x n ): then T x ∈ c 1 (Y ) ⊆ m 1 (Y ), (9.5) and hence by (9.1)
x ∈ m 1 (X). (9.6) Now if x ≺ x is a convergent subsequence of x, with x n → x ∞ ∈ X, then y = lim n T x n = T x ∞ ∈ T (X). 
